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osting by EAbstract In this paper, we apply the exp-function method to construct generalized solitary and
periodic solutions of modiﬁed Zakharov–Kuznetsov equation which play a very important role
in mathematical physics and engineering sciences. The suggested algorithm is quite efﬁcient and
is practically well suited for use in these problems. Numerical results clearly indicate the reliability
and efﬁciency of the proposed exp-function method.
ª 2010 King Saud University. All rights reserved.1. Introduction
This paper is devoted to the study of a nonlinear evolution
equation which is called the Zakharov–Kuznetsov (ZK) equa-
tion and is of the form
ut þ u2ux þ uxxx þ uxyy ¼ 0: ð1Þ
The ZK equation arises in number of scientiﬁc modelsincluding ﬂuid mechanics, astrophysics, solid state physics,5151290.
ail.com (S.T. Mohyud-Din),
oor), khalidanoor@hotmail.
ity. All rights reserved. Peer-
d University.
lsevierplasma physics, chemical kinematics, chemical chemistry,
optical ﬁber and geochemistry, see (Mohyud-Din et al., 2008;
Tascan et al., 2008; Wazwaz, 2008) and the references therein.
The basic motivation of this paper is to extend the application
of a very reliable and efﬁcient technique which is called the
exp-function method for traveling wave solutions of modiﬁed
Zakharov–Kuznetsov (ZK) equation. The proposed method
was developed by He and Wu (He and Wu, 2006) to seek
the solitary, periodic and compacton like solutions of nonlin-
ear differential equations; see (Abdou et al., 2007; El-Wakil
et al., 2007; He and Wu, 2006; He and Abdou, 2007;
Mohyud-Din et al., 2009, 2010, 2008; Noor et al., 2008a,b;
Tascan et al., 2008; Wazwaz, 2008; Wu and He, in press,
2007; Yusufoglu, 2008; Zhou, 2007; Zhou et al., 2008; Zhang,
2007; Zhu, 2007a,b) and the references therein.2. Exp-function method
We consider the general nonlinear PDE of the type
Pðu; ut; ux; uy; utt; uxx; uyy; uxt; uxy; uty . . .Þ ¼ 0: ð2Þ
214 S.T. Mohyud-Din et al.Using a transformation
g ¼ kxþ xyþ qt; or g ¼ axþ byþ qt; ð3Þ
where k;x; a; b and q are constants, we can rewrite Eq. (3) in
the following nonlinear ODE;
Qðu; u0; u00; u000; . . .Þ ¼ 0: ð4Þ
According to exp-function method, which was developed
by He and Wu (2006), we assume that the wave solution can






where p; q; c and d are positive integers which are known to be
further determined, an and bm are unknown constants. We can
rewrite Eq. (6) in the following equivalent form:
uðgÞ ¼ ac exp½cg þ    þ ad exp½dg
bp exp½pg þ    þ bq exp½qg : ð6Þ
This equivalent formulation plays an important and funda-
mental part for ﬁnding the analytic solution of problems. To
determine the value of c and p, we balance the linear term of
highest order of Eq. (4) with the highest order nonlinear term.
Similarly, to determine the value of d and q, we balance the lin-
ear term of lowest order of Eq. (4) with lowest order nonlinear
term (Abdou et al., 2007; El-Wakil et al., 2007; He and Wu,
2006; He and Abdou, 2007; Mohyud-Din et al., 2009, 2010,
2008; Noor et al., 2008a,b; Tascan et al., 2008; Wazwaz,
2008; Wu and He, in press, 2007; Yusufoglu, 2008; Zhou,
2007; Zhou et al., 2008; Zhang, 2007; Zhu, 2007a,b).3. Solution procedure
Consider the modiﬁed Zakharov–Kuznetsov (ZK) Eq. (1)
ut þ u2ux þ uxxx þ uxyy ¼ 0:
Introducing a transformation as g ¼ axþ byþ qt, we can
covert Eq. (1) into an ODE as
qu0 þ au2u0 þ ða3 þ ab2Þu000 ¼ 0: ð7Þ
The solution of the Eq. (7) can be expressed as follows:
uðgÞ ¼ ac exp½cg þ    þ ad exp½dg
bp exp½pg þ    þ bq exp½qg : ð6Þ
To determine the value of c and p, we balance the linear
term of highest order of Eq. (7) with the highest order nonlin-
ear term
u000 ¼ c1 exp½ð7pþ cÞg þ   
c2 exp½8pg þ    ð8Þ
and
u2u0 ¼ c3 exp½ðpþ 3cÞg þ   
c4 exp½4pg þ    ¼
c3 exp½ð5pþ 3cÞg þ   
c4 expþ½8pg    ; ð9Þ
where ci are determined coefﬁcients only for simplicity; balanc-
ing the highest order of exp-function in (8) and (9), we have
7pþ c ¼ 5pþ 3c; ð10Þwhich in turn gives
p ¼ c: ð11Þ
To determine the value of d and q, we balance the linear
term of lowest order of Eq. (7) with the lowest order nonlinear
term
u000 ¼    þ d1 exp½ðd 7qÞg   þ d2 exp½8qg ð12Þ
and
u0u00 ¼    þ d3 exp½ðq 3dÞg   þ d4 exp½4qg ¼
   þ d3 exp½ð3d 5qÞg
   þ d4 exp½8qg ;
ð13Þ
where di are determined coefﬁcients only for simplicity. Now,
balancing the lowest order of exp-function in (12) and (13),
we have
7q d ¼ 5q 3d; ð14Þ
which in turn gives
q ¼ d: ð15Þ
Case 3.1.1. We can freely choose the values of c and d, but we
will illustrate that the ﬁnal solution does not strongly depend
upon the choice of values of c and d. For simplicity, we set
p ¼ c ¼ 1 and q ¼ d ¼ 1, then the trial solution, Eq. (6)
reduces to
uðgÞ ¼ a1 exp½g þ a0 þ a1 exp½g
b1 exp½g þ a0 þ b1 exp½g : ð16Þ
Substituting Eq. (16) into (7), we have
1
A
c3 expð3gÞ þ c2 expð2gÞ þ c1 expðgÞ þ c0 þ c1 expðgÞ½
þ c2 expð2gÞ þ c3 expð3gÞ ¼ 0; ð17Þ
where A ¼ ðb1 expðgÞ þ b0 þ b1 expðgÞÞ4, ci ði ¼ 3; . . . ; 0;
. . . ; 3Þ are constants obtained by Maple 11.
Equating the coefﬁcients of expðngÞ to be zero, we obtain
fc3 ¼ 0; c2 ¼ 0; c1 ¼ 0; c0 ¼ 0; c1 ¼ 0; c2 ¼ 0; c3 ¼ 0g:
ð18Þ
Solution of (18) will yield





a1 ¼ 0; q ¼ ab2  a3; a0 ¼ a0: ð19Þ
We, therefore, obtained the following generalized solitary
solution uðx; y; tÞ of Eq. (1)







where q ¼ ab2  a3; and a0; b1; a and b are real numbers (see
Fig. 3.1).
In case a and b are imaginary numbers, the obtained soliton
solution can be converted into periodic solution or compact-
Figure 3.2 Depicts periodic solutions of Eq. (1), when a0 ¼ b1 ¼
h ¼ x ¼ 1.
Figure 3.1 Depicts soliton solutions of Eq. (1), when a0 ¼ b1 ¼
b ¼ a ¼ 1.
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tively. Consequently, Eq. (20) becomes







where q ¼ iðxh2 þ x3Þ, and a0; b1; h and x are real numbers,
consequentlyuðx; y; tÞ ¼
cosðxxþ hyþ txh2 þ tx3Þ 576b21h2 þ 576b21x2  24a20
 
þi sinðxxþ hyþ txh2 þ tx3Þ 576b21h2  576b21x2  b1a0ðh2 þ x2Þ
 
" #
cosðxxþ hyþ txh2 þ tx3Þ2 96b21a20ðh2 þ x2Þ
 þ 576b41ðh4 þ x4Þ
þ1152b41h2x2 þ 48b21a20ðh2 þ x2Þ þ a40
" # : ð21ÞFor periodic or compact-like solutions, the imaginary part
in Eq. (21) must be zero, henceuðx; y; tÞ ¼ cosðxxþ hyþ txh
2 þ tx3Þ 576b21h2 þ 576b21x2  24a20
 
cosðxxþ hyþ txh2 þ tx3Þ2 96b21a20ðh2 þ x2Þ
 þ 576b41ðh4 þ x4Þ
þ1152b41h2x2 þ 48b21a20ðh2 þ x2Þ þ a40
" # ;
ð22Þ
Figure 3.3 Depicts soliton solutions of Eq. (1) in Case 3.1.2,
when a0 ¼ b2 ¼ a ¼ b ¼ q ¼ 1.which is periodic solution of Eq. (1) (see Fig. 3.2).
Case 3.1.2. If p ¼ c ¼ 2; and q ¼ d ¼ 2, then Eq. (6) reduces
to
uðgÞ ¼ a2 exp½2gþa1 exp½gþa0þa1 exp½gþa2 exp½2g
b2 exp½2gþþb1 exp½gþb0þb1 exp½gþb2 exp½2g :
ð23Þ
Setting b1 ¼ b1 ¼ 0, the trial-function (23) is simpliﬁed as
follows:
uðgÞ ¼ a2 exp½2g þ a1 exp½g þ a0 þ a1 exp½g þ a2 exp½2g
b2 exp½2g þ b0 þ b2 exp½2g :




; b0 ¼ 0; a2 ¼ 0;
a1 ¼ 0; b2 ¼ b2; q ¼ 4ðb2 þ a2Þa; a0 ¼ a0: ð24ÞHence we get the generalized solitary wave solution
uðx; y; tÞ of Eq. (1) as follows:








where q ¼ 4ðb2 þ a2Þ and a0; b2; a and b are real numbers
(see Fig. 3.3).
4. Conclusion
In this paper, we applied the exp-function method to obtain
the generalized solitary and periodic solutions of the modiﬁed
Zakharov–Kuznetsov equation. It is concluded that exp-func-
tion method is a very effective and powerful mathematical tool
for ﬁnding solitary and periodic solutions of the nonlinear par-
tial differential equations.
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